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The field of topological photonics emerged as one of the most promising areas for applications
in transformative technologies: possible applications are in topological lasers or quantum optics
interfaces. Nevertheless, efficient and simple methods for diagnosing the topology of optical systems
remain elusive for an important part of the community. In this tutorial, we provide a summary
of numerical methods to calculate topological invariants emerging from the propagation of light in
photonic crystals. We first describe the fundamental properties of wave propagation in lattices with
a space-dependent periodic electric permittivity. Next, we provide an introduction to topological
invariants; proposing an optimal strategy to calculate them through the numerical evaluation of
Maxwell’s equation in a discretized reciprocal space. Finally, we will complement the tutorial with
a few practical examples of photonic crystal systems showing different topological properties, such
as photonic valley-Chern insulators, photonic crystals presenting an “obstructed atomic limit”,
photonic systems supporting fragile topology and finally photonic Chern insulators, where we also
periodically modulated the magnetic permeability.
Keywords: topological invariants, numerical calculation, topological photonics, Chern insula-
tor, Berry phase, Wilson loop, Z2, valley Chern number
INTRODUCTION
Over the past decades, the interest in topologically
nontrivial materials increased dramatically, giving rise to
the development of topological insulators, semi-metals,
and superconductors, among others. Thouless et al. [1]
in 1982 proposed the first topological characterization
of the integer quantum Hall effect (QHE) in a material
in terms of the Chern number. Following these ideas,
several types of topologically nontrivial insulators have
been reported [2–7]. These materials, besides present-
ing anomalous bulk response functions [8–10], are partic-
ularly relevant because they feature topologically pro-
tected states such as surface, edge, hinge and corner
modes [11–19].
Despite the fact that most of the crucial concepts in
band topology were first developed in condensed mat-
ter physics, many of them were soon translated to the
propagation of electromagnetic waves in photonic crys-
tals [20]. In the recent past, bosonic analogs of the
QHE [21, 22], quantum spin-Hall effect (QSHE) [23–
25], quantum valley-Hall effect [26], Floquet topological
insulators [27–30], mirror-Chern and quadrupole insulat-
ing [31–34] systems have been reported. Moreover, the
emergence of topological effects has also been extended
to the propagation of other waves such as airborne acous-
tics [35, 36], exciton–polaritons [37], phonons [38–40],
and spin waves [41, 42].
The classification of band insulators is fully determined
by different topological invariants [43–47]. In systems
without time-reversal symmetry (TRS), the Chern num-
ber C, characterizes the topological properties of an iso-
lated band or a group of connected bands. When TRS
is preserved, although the Chern number is strictly zero,
other topological invariants become relevant, such as the
Z2 index. Moreover, in certain systems, time-reversal re-
lates pairs of high symmetry points in reciprocal space.
For instance, in a triangular lattice, the TRS operator
transforms K point/valley into K ′ point/valley and vice
versa [48]. In such cases, the valley can be approximately
treated as a new degree of freedom, and other topological
numbers, such as the valley Chern number Cv [27, 30, 49]
can become relevant in the description of the topological
properties of a material. In these scenarios, although
the total Chern number C vanishes, certain topological
effects determined by Cv may arise in specific valleys.
The aim of this tutorial article is to provide an
overview of the description of the computation of the
most relevant topological invariants to the propagation
of light through two-dimensional (2D) linear photonic
crystals. The procedures described in this article can
be applied to any 2D lattice structure; particularly, we
provide strategies to compute the total Chern number,
the valley-Chern number and the Wilson loop — from
the latter we can infer the value of the Z2 topological
index. We combine traditional approaches to calculate
Chern numbers, by integrating the Berry curvature over
regions of the reciprocal space with another important
approach in the study of topological phases consisting
in the evaluation of Wilson loops — giving information
about the evolution of the Wannier centers around closed
loops in the Brillouin zone (BZ) [50–52].
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2Topological photonics are interesting from at least two
perspectives. First, they are able to shape and guide
the electromagnetic field, allowing technologically impor-
tant effects like the robust unidirectional propagation of
light [23, 53, 54]. Second, the flexibility of photonic crys-
tal structures and metamaterials makes possible the ex-
ploration of topological physics in bosonic systems, in-
cluding different topological phases and the interplay of
topology with non-Hermitian effects [54–56]
The quantum aspects of topological photonics become
especially important when topological structures are cou-
pled to quantum emitters. The emitters then probe a
highly structured environment which can lead to a rich
variety of new effects, the physics of which has only be-
gun to be studied [54, 57]. On one hand, the quantum
emitters can locally probe the photonic structure, ex-
tracting information about the local density of states or
about the topological properties. They can also be used
to excite specific, topologically interesting modes with
single or multiple photons, for example using topologi-
cally protected edge states to transmit quantum informa-
tion or entanglement. On the other hand, the structured
environment can mediate interactions between quantum
emitters. These interactions can be long-range, reflect-
ing the non-local character of topological bands or even
induce non-trivial topological properties in the system
of quantum emitters, where they may give rise to inter-
esting topological phases including quantum many-body
effects, that are not easily obtained for (non-interacting)
photons.
For all these applications, a precise knowledge of the
mode structure and the topological properties of the pho-
tonic structured bath is essential. This tutorial provides
a toolbox that will prove useful to study the interaction
of concrete photonic structures with quantum emitters
such as atoms or defect centers.
This article is structured as follows: In the first
section, we introduce the eigenvalue equation for the
propagation of light in photonic crystals. Next, we re-
view the analytic formalism in the continuum generally
used to compute topological invariants. Following that,
we focus on the discretization of the Brillouin zone for
numerical calculations paying attention to the boundary
constraints needed to obtain reliable results. Finally,
we conclude this tutorial article presenting various ex-
amples of photonic systems with non-trivial topological
properties: A valley Chern insulator, lattices presenting
an photonic “obstructed atomic limit”, a system with a
group of bands that posses fragile topology, and a Chern
insulator.
MACROSCOPIC MAXWELL’S EQUATIONS IN
PERIODIC MEDIA
Electromagnetic wave propagation in photonic crystals
is governed by the macroscopic Maxwell’s equations. As-
suming that the materials under consideration are linear,
isotropic and dispersionless, the source-free Maxwell’s
equations can be expressed in the frequency domain as
∇ ·H(r) = 0 (1a)
∇×E(r)− iωH(r) = 0 (1b)
∇ · [(r)E(r)] = 0 (1c)
∇×H(r) + iω0(r)E(r) = 0 (1d)
where we are assuming harmonic e−iωt time dependence
for the electric and magnetic fields. In the previous equa-
tions, E(r) and H(r) are the electric and magnetic field
vectors, respectively. In this first section of the tutorial,
we will work with non-magnetic materials. Thus, µ = 1
and B = H/µ0. Following Ref. [58], through the appro-
priate algebraic manipulation, Eqs. (1a-1d) are decou-
pled and expressed as two separate eigenvalue problems
in terms of either the magnetic field H(r) or the electric
field E(r):
∇×
[
1
(r)
∇×H(r)
]
=
(ω
c
)2
H(r), (2a)
∇×∇×E(r) =
(ω
c
)2
(r)E(r) , (2b)
where we have used the definition of speed of light
c = 1/
√
0µ0. To determine the eigenmodes of a particu-
lar system the first equation is commonly used since can
be solved as a Hermitian eigenvalue problem unlike the
second which is another type of equation, the so called
generalized eigenvalue equation, because of the presence
of the function (r) on the right-hand side. Therefore, we
usually address the first of these equations to compute
the eigensolutions of the magnetic field and then recover
the electric field from the magnetic field [58, 59]. Many
commercial and open source software packages exist
to solve this eigenvalue problem, such as COMSOL
Multiphysics [60] and MIT Photonic Bands (MPB) [61],
the most commonly used in the field of photonics. All
the calculations presented in this tutorial have been
developed using the latter.
For light-matter interactions in three-dimensional (3D)
structures, these equations must be solved as a fully vec-
torial problem. Nevertheless, in a 2D systems, mirror
reflection symmetry always allows to classify the solu-
tions to Eq. (2) into even and odd solutions with respect
to it. In general, for any 2D photonic crystals, assuming
that zˆ is the invariant direction of the system, the eigen-
solutions can be either polarized as (Ex, Ey, Hz) (mirror
even) or (Hx, Hy, Ez) (mirror odd). These two polariza-
3tions are commonly known as transverse electric (TE) or
transverse magnetic (TM) modes, respectively.
For TM modes, the magnetic field is confined to the
xy-plane, therefore the non-zero components of the mag-
netic field are Hx(r), Hy(r). Most importantly, the elec-
tric field becomes a scalar function, being Ez(r) the only
nonzero vector component. Similarly, for TE modes,
Hz(r) is the only nonzero component of the magnetic
field. Consequently, Eqs. (2a) and (2b) can be rewritten
for 2D photonic crystals as two scalar equations, one for
each of polarization:
∇×∇× Ez(r) =
(ω
c
)2
(r)Ez(r) (3a)
for the TM modes
∇×
[
1
(r)
∇×Hz(r)
]
=
(ω
c
)2
Hz(r) (3b)
for the TE modes
We can now recast the differential equation for the
TE modes into an eigenvalue problem by defining the
following differential operator:
Θˆ[#] = ∇×
(
1
(r)
∇×#
)
(4)
which is a linear and Hermitian [58, 59]. Equation (3b)
for the TE modes now is reduced to
Θˆ Hz(r) =
(ω
c
)2
Hz(r) , (5)
where (ω/c)2 is the eigenvalue andHz(r) is the eigenfunc-
tion. A solution for the TE modes can be easily obtained
exploiting the periodicity of the electric permittivity (r)
— since we can make use of the Bloch’s theorem. Thus,
in general, the eigensolutions of Eq. (3b) can be expressed
as Bloch states labeled with a wave vector k:
Hz,k(r) = e
ik·ruk(r) (6)
where uk(r) are periodic functions of the lattice, i.e.
uk(r) = uk(r + R), and R is the lattice periodicity.
Please note that Eq. (5) is formally equivalent to the
stationary Schro¨dinger equation
Hˆ Ψ(r) = E Ψ(r) . (7)
This formal equivalence and the use of the Bloch theo-
rem in Eq. (6), allow us to apply many of the concepts
and theorems used in condensed matter physics to the
study of light propagation through photonic crystals, be-
ing aware about the bosonic character of photons. Nev-
ertheless, it is well known that the main concepts in elec-
tronic band topology, within the single-particle approx-
imation, can also emerge similarly in the propagation
of light in specific periodic photonic structures. These
phenomena, require the proper characterization of either
electronic or photonic crystals through the evaluation of
the topological invariants. Although there are a vast lit-
erature and computational resources for the computation
of such quantities in condensed-matter systems such as
Z2PACK [62], WANNIER90 [63] among others, literature
and tools about the computation of these topological in-
variants for classical waves are still very sparse.
In the following sections, we proceed to describe the
details of such calculations, focusing particularly on the
computation of topological invariants in 2D photonic
crystals. Our results have been developed using the MPB
software package [61]. Nonetheless, the provided numeri-
cal methods apply easily also using other tools for solving
the differential problem in Eq. (2).
FUNDAMENTALS OF TOPOLOGY, THE
CONTINUUM LIMIT
In this section we present a concise review of the main
topological invariants that are used throughout this tu-
torial article. Many specialized articles and books work
out these concepts in a more extended and rigorous ap-
proach. For readers interested to explore this topic in
more depth, we suggest these two references [54, 64].
In general, given a quantum or a classical periodic dif-
ferential operator, its spectrum is arranged in a sequence
of bands and gaps. Many of the physical properties of
electronic materials and photonic crystals can be inferred
from the intensity distribution of the Bloch states and
their bulk spectrum. Nevertheless, these quantities can-
not tell us anything about the evolution of eigenmodes’
phase in k-space. This is a piece of essential information
to understand and predict certain emergent topological
phenomena such as the QHE or QSHE, among others.
In an electronic system, the topological properties are
referred to the bands below the Fermi level. For classical
wave systems, the concept of Fermi level does not exist.
However, it is possible to address individually the bands
and gaps of the system by tuning the frequency of the
photons exciting the lattice. Therefore, we are interested
in characterizing the topological properties associated to
gaps, analyzing isolated bands or group of bands above
and below the gap.
Given an group of M bands, we are interested in the
situation in which there is an energy band with index
n < M , that is ωn−1(k) < ωn(k) < ωn+1(k), ∀ k ∈ BZ.
Further, we assume that this band is not degenerate. The
n-th band can be characterized by the study of the so-
called Berry-Pancharatnam-Zak phase [64–67]. This is a
geometric phase that the eigenstate of the n-th band ac-
quires during an adiabatic evolution along a closed path γ
in reciprocal space. The Berry-Pancharatnam-Zak phase
is obtained by the following closed path integral:
φn =
˛
An(k) · dk , (8)
4where An(k) — also known as Berry connection — is
defined as
An(k) ≡ i 〈un,k|∇k|un,k〉 . (9)
The Berry-Pancharatnam-Zak phase is gauge invariant
up to multiples of 2pi and depends only on the geometry
of the path γ, whereas the Berry connection is gauge-
dependent. An important gauge independent quantity is
the Berry curvature Ωn(k):
Ωn(k) =∇k ×An(k) . (10)
We can express φn as a function of Ωn(k) applying
Stoke’s theorem to Eq. (8),
φn =
˛
An(k) ·dk =
¨
Γ
[∇k×An(k)] ds ≡
¨
Γ
Ωn(k)ds
(11)
where Γ is a surface bounded by the closed path γ along
which the integral in Eq. (8) is evaluated.
If the surface Γ is a closed manifold, the boundary term
vanishes, but the indeterminacy of the boundary term
modulo 2pi manifests itself in the Chern theorem [68];
this states that the integral of the Berry curvature over
a closed manifold is quantized in units of 2pi. This num-
ber is the so-called Chern number, and is essential for
understanding various quantization effects when TRS is
broken, such as as the QHE [69]. The Chern number for
a two-dimensional manifold is defined as:
Cn =
1
2pi
‹
BZ
Ωn(k) d
2k with Cn ∈ Z, (12)
where the closed surface Γ coincides with the torus defin-
ing the first BZ.
When TRS is preserved, the Chern number is zero.
However, in the case of systems with a valley (or other
“internal”) degree of freedom in the BZ, we can parti-
tion the integral in Eq. (12) to isolate the contribution
from each single valley and introduce the so-called valley-
Chern number [70]. Each valley-Chern number can be
different from zero even if TRS is conserved, but the sum
of all the valley-Chern numbers, being equal to Cn, has
to be zero.
Aside from valley-Chern systems, other materials pre-
serving TRS can also have topological properties. This
is the case of systems supporting QSHE [3] and fragile
phases [71–73]. In those cases, studying the eigenvalues
of the Wilson loop operator helps to determine the topo-
logical nature of the system. This operator is obtained
considering a non-Abelian generalization of the Berry-
Pancharatnam-Zak phase. Here, we assume that the n-
th band can be degenerate with one or more bands. For
N connected bands, the Wilson loop operator is derived
from the non-Abelian Berry connection:
Am,n(k) = i〈uk,m|∇k|uk,n〉, n,m = 1, . . . N ; (13)
it is the unitary matrix
W (`) = P exp
{
−i
ˆ
`
dl ·A(k)
}
, (14)
where ` is a loop in momentum space and P denotes
a path ordering of the exponential. It can be shown
that for a path ` described by a straight line through the
Brillouin zone, the eigenvalues of the Wilson loop corre-
spond to the expectation value of the position operator
in the remaining real-space direction modulo 2pi [51, 64].
The spectrum of the Wilson loop is thus adiabatically de-
formable to the set of centers of localized Wannier func-
tions describing the group of bands. For trivial bands, the
Wannier states are maximally localized, while for systems
that posses non-trivial topology, the Wannier states are
delocalized. Thus, the Wilson loop gives us information
about the topological character of a band or a group of
bands. In two dimensions, one of the momenta k1 defines
the integration variable of the closed path ` in Eq. (14),
while the other momentum k2 is a free parameter char-
acterizing the Wilson loop. For a topologically trivial
system, the eigenvalues along the momentum k2 are adi-
abatically deformable to a constant value, reflecting that
the Wannier functions are localized. For a non-trivial
topological system, the eigenvalues may wind as a func-
tion of the momentum k2, meaning that the eigenvalues
of the Wilson loop present a variation of 2pin, n ∈ Z
along the BZ (cf Sec. )— this corresponds to the delo-
calization of the Wannier functions. Additionally, from
the slope and the number n of windings we can extract
important information: The sign of the slope will tell us
about the sign of the topological number, whereas the
number of windings will tell us its absolute value. An-
other possible phase is the photonic obstructed atomic
limit (OAL), which presents non-winding values of the
Wilson loop. This phase supports a maximally localized
Wannier representation, but differs from the trivial phase
in that the Wannier centers are not located at the origin
of the real space unit cell. In analogy with an electronic
system, in a photonic OAL the Wannier centers are not
located at the position where the photonic “atoms”– the
collection of dielectric objects in the unit cell–sit[20].
Moreover, there exists a recently discovered class of
topological indices referred to as “fragile.” The simplest
of these display Wilson loop eigenvalues which wind with
opposite slopes, indicating that although the total Chern
number is equal to zero the system presents topological
features similar to those of Z2 insulators. The special fea-
ture of this invariant is that if a trivial band is added in
the non-Abelian Berry connection (13), then the eigen-
values of this enlarged system behave as in the case of
the OAL [52], losing the topological character.
Additionally, the Wilson loops are very useful to iden-
tify Z2-insulators. Note that Z2 topology in photonic
systems requires of duality symmetry and crystal sym-
metries as a proxy for fermionic TRS [23]. In both of
5these scenarios, since TRS is preserved, the total Chern
number is equal to zero, thus the eigenvalues are wind-
ing with opposite slopes. The shape of the Wilson loop
is the same as in the case of a fragile phase, but being
Z2-insulators strong topological phases, adding any new
set of bands to the topological ones preserves the winding
of the Wilson loop.
FUNDAMENTALS OF TOPOLOGY, THE
DISCRETE LIMIT
In this section we provide a practical method for eval-
uating the topological invariants introduced in the previ-
ous section. Usually, we do not have access to a continu-
ous form of the periodic part of the field un,k(r), but only
to its values on a set of momenta {ki} in reciprocal space.
We detail below a practical way to define topological in-
variants on a finite grid defined by the {ki} momenta.
Please note that in this section we are focusing on TE
modes.
FIG. 1: Discretization of the first BZ for the case of the
square (left) and hexagonal (right) lattice. The position of
the corresponding high symmetry points are indicated with
colored points. In the inset we show a zoom-in of the plaque-
tte over which the Berry curvature is evaluated — plaquette
of the discretization.
Discretization of the first Brillouin zone
As a first step, we need to determine the unit cell and
the corresponding point group symmetry of the 2D pe-
riodic system that we want to investigate. We can then
define its first BZ and discretize this cell into a regu-
lar mesh in k-space. Although in theory the number of
points should not affect to the result of the calculation,
we recommend a grid size at least of 24 × 24 points for
accurate description. We show in Fig. 1 two examples
of discretization of the first BZ of common systems: the
square and hexagonal (or triangular) lattices. The choice
of the BZ is not unique, in general it is better to choose
the most convenient BZ to simplify the discretization:
e.g., in the case of the triangular lattice (right panel of
Fig. 1), instead of choosing a hexagonal BZ, it is easier
to choose the rhombus defined by the reciprocal lattice
vectors and discretize the cell in their directions. We rec-
ommend including enough points so that the high sym-
metry points in the Brillouin zone are included in the
mesh. Finally, we compute numerically the Bloch eigen-
states for each of the grid points, ki, in our case we solve
the eigenvalue equation (2a) using MPB [61].
Discrete Berry curvature
We use the four-point formula to compute the Berry
curvature or Berry phase per unit cell for each plaque-
tte of the discretization. For isolated bands, the Berry-
Pancharatnam-Zak phase around a plaquette is given
by [74]:
φ = −Im log
[
〈uk1(r)|uk2(r)〉 〈uk2(r)|uk3(r)〉 · (15)
〈uk3(r)|uk4(r)〉 〈uk4(r)|uk1(r)〉
]
,
where ukj (r) are the periodic functions at each corner of
each plaquette (see Fig. 1 — central panel). Notice that
along the closed path defined by each plaquette, the first
and the last point coincide. Thus, any arbitrary phase
coming from the diagonalization procedure cancels out
since each state appears twice, once as a 〈bra| and once
as a |ket〉.
On the other hand, if there are one or more degenera-
cies in a group of n bands, we need to replace the scalar
products in Eq. (15) by the determinant of (n×n) overlap
matrices. Equivalently, we can write:
φ = −Im log
{
det [Sk1k2Sk2k3Sk3k4Sk4k1 ]
}
(16)
The overlap matrix, S, between k and k′ can be expressed as,
Skk′ =

〈u1k(r)|u1k′(r)〉 〈u1k(r)|u2k′(r)〉 . . . . . . 〈u1k(r)|unk′(r)〉
〈u2k(r)|u1k′(r)〉 〈u2k(r)|u2k′(r)〉 〈u2k(r)|u3k′(r)〉 . . . 〈u2k(r)|unk′(r)〉
... 〈u3k(r)|u2k′(r)〉
. . .
. . .
...
... . . .
. . .
. . . 〈un−1k (r)|unk′(r)〉
〈unk(r)|u1k′(r)〉 〈unk(r)|u2k′(r)〉 . . . 〈unk(r)|un−1k′ (r)〉 〈unk(r)|unk′(r)〉
 (17)
where the superscript ` of u`k indicates the band index. For TE modes, uk(r) would be the periodic part of the
6eigenfunctions of the magnetic fields as defined in Eq. (6). Taking into account that µ = 1, the scalar products in the
previous equations are defined as follows:
〈uk(r)|uk′(r)〉 =
∑
i,j
u∗k(i, j)uk′(i, j)∆S (18)
where i and j are the indices of the eigenvectors in the real-space, and ∆S is the differential of the surface.
If we consider TM modes instead, the solutions for the electric field would be simpler to manipulate, since they
become scalar functions (Ek(r) = Ek(r)zˆ). Defining the Bloch wavefunctions as
Ek(r) = e
ik·rvk(r) , (19)
where vk(r) is the periodic part of the electric field solutions, due to normalization constraints, the scalar products
in Eqs. (15-17) would need to be replaced by products of the following form:
〈vk(r)|vk′(r)〉 =
∑
i,j
[ε(i, j)vk(i, j)]
∗vk′(i, j)∆S . (20)
Periodic gauge
In this section we show how to fix the gauge choice for
the periodic part of the field function. The eigenfunctions
of a periodic system are described as Bloch states:
Hk(r) = e
ik·r uk(r) . (21)
In k-space, states translated by a reciprocal lattice vector
G are equivalent:
Hk+G(r) = e
i(k+G)·r uk+G(r) = Hk(r) . (22)
Nevertheless, after diagonalization the eigenstates of the
system gain a different arbitrary phase at each k-point.
Certain calculations, such as the Wilson loops, require
that the condition of Eq. (22) is satisfied. Therefore, we
need to fix the arbitrary phase of the boundary eigen-
states using:
uk+G(r) = e
−iG·ruk(r) , (23)
we can express the phase factor of the previous expression
as:
e−iG·r =
uk+G(r)
Hk+G(r)
eik·r , (24)
where we have used the formal boundary condition
Eq. (22). The phase factor on the right-hand side can
be obtained from Eq. (6),
eik·r =
Hk(r)
uk(r)
. (25)
Combining Eqs. (24) and (25), we obtain the phase factor
in which we are interested
e−iG·r =
uk+G(r)
Hk+G(r)
Hk(r)
uk(r)
. (26)
Finally, we redefine the periodic part of the field at (k +
G) by inserting the previous phase factor into Eq. (23):
u′k+G(r) =
uk+G(r)
Hk+G(r)
Hk(r) . (27)
where uk+G(r) is the periodic part of the field at (k+G)
obtained directly from numerical evaluation — in our
case with MPB [61] — and Hk(r) and Hk+G(r) are the
Bloch states at k and (k + G), respectively, also directly
obtained from MPB [61].
We have fixed the phase at the boundaries by implement-
ing this new corrected periodic function u′k+G(r) along
the boundaries of the first Brillouin zone, for all (k + G)
positions.
Importantly, we have to be careful with the Γ-point
and apply the transformation individually otherwise the
transformation will be applied twice. Moreover, we have
to take into account that the energy of the first band
of photonic system at Γ-point usually is equal to zero.
Thus, if we look at Eq. (3b), at zero frequency any con-
stant function is a solution to Maxwell’s equation. Al-
though MPB [61] gives a null eigenfunction as the default
solution, we choose a constant, normalized eigenfunction
to avoid singularities.
Chern and valley-Chern number
The Chern number can be calculated over a discretized
Brillouin zone by integrating the Berry curvature of each
plaquette previously defined in Eqs. (15) and (16):
C =
1
2pi
∑
BZ
φj =
1
2pi
∑
BZ
Im
[
log
∏
i
〈uki |uki+1〉
]
, (28)
The result of this calculation is an integer number. When
TRS is preserved, this number is strictly zero. On the
7contrary, if TRS is broken, this number can take non-
zero integer values. In those cases, we call the systems
Chern insulators. If we consider a heterogeneous system
composed of a finite size topological part (C 6= 0) and
a trivial part (C = 0), it will present edge states at the
interface: the number of edge states is directly connected
to the Chern number of the topological part — the so-
called bulk-edge correspondence [75].
On the other hand, if TRS is preserved and we consider
pairs of high symmetry points related by TRS — e.g., the
K and K′ points for a hexagonal or triangular lattice.
Although C = 0, we can define a valley-Chern number
dividing the first BZ in regions that enclose only one of
the high symmetry points related by TRS operator, the
computation procedure for the valley-Chern number is
the same as the one employed in Eq. (28), but reducing
the integration of the Berry curvature to one half of the
first BZ. In the case of a square lattice it can be done with
the same four-points formula, while for the hexagonal
case, an additional set of plaquettes of three points must
be added in order to divide the BZ in two identical parts
drawing the division line from Γ′ to Γ′′′ (Fig. 1 right
panel). Therefore, this “topological invariant” will be
half-integer with the opposite sign for each half of the
first BZ.
Discrete Wilson loop
The calculation of the Wilson loops has to be per-
formed differently for the case of an isolated band or for
the case of a group of degenerate bands. For the for-
mer case, we can calculate a discrete Wilson loop in the
following way
W (ki) = −Im
log∏
kj
〈u(ki,kj)(r)|u(ki,kj+1)(r)〉
 . (29)
This formula indicates that the Wilson loop can be com-
puted for each ki in the k1 direction by taking the phase
of the final product of the overlap between pairs of con-
secutive periodic functions along k2 direction. For the
case of a group of degenerate bands, we replace the scalar
product by a product of overlap matrices with the same
structure as the ones described in Eq. (17), the Wilson
loop then reads:
W (ki) = −Im
log
∏
kj
S(ki,kj),(ki,kj+1)
 . (30)
In this case, we construct the overlap matrices between
consecutive points along the lines in the k2 direction.
Then we multiply the overlap matrices for each pair of
points element by element, and the resultant matrix must
be diagonalized. The phases of its eigenvalues then en-
code information about the position of the (hybrid) Wan-
nier centers in real space along the k1 direction.
TOPOLOGICAL PHOTONIC SYSTEMS:
EXAMPLES
In this section we apply the procedures described above
to different topological systems and we explain each of
the results.
Valley-Chern Insulator
We construct a system that possesses a valley degree
of freedom. It is based on the one described by Ma
and Shvets in Ref. [76]. Starting from a triangular array
of dielectric cylinders made of silicon, =13, and radius
R=0.3075a0 — upper panel of Fig. 2a). The spectrum
of the TE modes of the system presents a degeneracy
point at K and K′ between the second and the third
band [lower panel of Fig. 2a)]. This degeneracy can be
removed by reducing the symmetry of the system, for
example by transforming the cylinders into cut triangles
— upper panel of Fig. 2b). In the spectrum of this lat-
tice, we can observe the lifting of the degeneracy at the
K-point between the second and the third band [lower
panel of Fig. 2b)].
FIG. 2: a) TE band structure and geometry of triangular
array of cylinders of radius radius R = 0.3075a0 and =13. b)
Band structure and geometry of triangular array of triangles
with =13. The length of the larger edge is d1 = 0.825a0 and
for the shorter one is d2 = 0.055a0. Unitary lattice vectors
for both are a1 = (1/2,
√
3/2)a0 and a2 = (1/2,−
√
3/2)a0.
The total Chern number associated to this gap is equal
to zero, because TRS is preserved. By looking at the
Berry curvature (see Fig. 3) of each band, we observe
that its spatial modulation is equal and opposite around
the K and K′ points . We can compute the valley-Chern
number around the K and K′ points, by integrating the
Berry curvature over half of the BZ containing only one
8FIG. 3: Berry curvature distribution for the first BZ for the
first three bands in the reciprocal space, computed with the
four-point formula and plotted with squared shape. We can
see that there is a discontinuity of this phase around the K-
point and the same but with opposite sign around its time-
reversed partner, K′-point.
of the high symmetry points [70]. Around the K point
the valley-Chern number for this gap — associated with
the second band — is Cv = +0.5, and around K
′ is
Cv = −0.5.
The absence of a total Chern number is confirmed by
the analysis of the Wilson loops, we can see the displace-
ment of the Wannier centers but without any winding
(Fig. 4). Since the rate of change of the Wilson loop
is proportional to the Berry curvature, we can see also
that these plots are consistent with the curvature maps
(Fig. 3).
FIG. 4: Eigenvalues of the Wilson loop for the first band a),
the second b) and the set of the following two degenerate
bands, third and fourth c). All of them show trivial character
due to the zero-valued Chern number.
Photonic OAL Insulator
In this section we explore the topological properties of
one of the most popular designs employed in the field
of topological photonics, introduced by Wu and Hu in
Ref. [77, 78].
The system is a triangular lattice with a unit cell con-
taining six cylinders ( = 11.7) with radius R = 0.12a0,
placed at a distance 1/3a0 from the center of the unit
cell. The band structure of this lattice — upper panel
of Fig. 5 b) — shows an artificial fourfold degeneracy at
the Γ-point emerging from the folding of the bands due
to the choice of a nonprimitive (larger) unit cell. This
enlarged unit cell is necessary because later the rods are
displaced from their original position.
FIG. 5: TM band structure of the artificial honeycomb lat-
tice formed by six cylinders per unit cell. Panel b) refers to
the cylinders placed at 1/3a0 from the center; a) refers to a
contracted lattice, with the center of the cylinders moved to
1/3.16a0, and c) to an expanded lattice with the centers of
the cylinders at 1/2.78a0. For the three of them the unitary
vectors are a1 = (1/2,
√
3/2)a0 and a2 = (1/2,−
√
3/2)a0.
Displacing the cylinders to different distances from the
center of the unit cell these artificial degeneracies are
lifted and topological properties can emerge in the asso-
ciated gaps. Placing the cylinders at a0/3.16, contract-
ing the lattice — upper panel of Fig. 5 a) — the artificial
degeneracies are broken leaving the first band isolated,
and two sets of degenerate bands: one group of bands
formed by the second and the third band and, another
set formed by the fourth and the fifth. Both sets of bands
present degeneracies at Γ and K. To analyze the topo-
logical character of those new gaps we can look at the
Wilson loop — Fig. 6 a) and 6 b). The Wilson loop of
the first band has a constant value equal to zero, which is
representative of a trivial gap. For the set of the second
and third bands we can see that the projected position
of the Wannier centers are slightly moving but without
any winding, preserving the trivial character. On the
other hand, if the cylinders are placed at a0/2.78, ex-
panding the lattice — upper panel of Fig. 5 c)— only
a gap between the third and the fourth band is opened.
In this case there is a crossing at K between the first
and the second band and another cross at Γ between the
second and the third, therefore to study the topological
character of this new gap we have to study the three
lowest bands together. Looking at the Wilson loop —
Fig. 6c) — we observe no windings but it becomes ap-
parent that the Wannier centers are also localized at the
edge of the unit cell (W = ±pi), instead of only in the
center (W = 0) as in the trivial case, indicating that the
system presents an obstruction similar to that emergent
in the Su-Schrieffer-Heeger chain in 1D [64]. In analogy
to condensed matter, we call optical systems presenting
this phenomenology photonic OAL insulators.
9FIG. 6: Wilson loops of the contracted a) and b) and ex-
panded c) artificial honeycomb lattice, respectively. The con-
tracted lattice shows trivial Wilson loops while the expanded
shows the characteristic Wilson loop of an OAL.
Fragile-Phase Insulator
To show a fragile photonic phase, we use the system
described in [79]. Each unit cell of the system consists
of an array of six dielectric ellipses of silicon ( = 11.7)
whose length of the two principal axes are d1 = 0.4a0
and d2 = 0.13a0, and placed at a0/3 from the center of
the unit cell — Fig. 7a). The corresponding band disper-
sion — Fig. 7b) — shows two main gaps: one between
the first and the second band and another between the
third and the fourth. The first band is isolated while the
second and the third present degeneracies at K and Γ.
The variation of the length of the ellipses’ axes drives a
topological phase transition, from fragile to trivial, and
from trivial to OAL, by closing and reopening gaps. For
more details see Ref. [79]. We analyze the Wilson loops
FIG. 7: a) Schematic representation of the system con-
sisting on a triangular array with a1 = (1/2,
√
3/2)a0 and
a2 = (1/2,−
√
3/2)a0, composed by ellipses whose diagonals
length are d1 = 0.4a0 and d2 = 0.13a0 with  = 11.7 and
placed at a0/3. b) The corresponding TM band dispersion.
to identify the topology of this phase. For the first band
— Fig. 8a) — the Wilson loop has a constant value equal
to zero which means that the Wannier centers are local-
ized in the center of the unit cell. This shape is typi-
cally associated with trivial isolated bands. For the set
of the second and the third bands, we see that the Wil-
son loops wind with opposite signs. Therefore, the total
Chern number for this set of bands is equal to zero. This
shape of the Wilson loop is reminiscent of Z2 insulators,
and occurs frequently for fragile bands with twofold ro-
tational symmetry [80]. The difference between both is
that the Z2 preserves the winding if a trivial set of bands
is added to the calculation, while the winding determin-
ing the fragile invariant is destroyed by the addition of
a trivial band. Thus, we have to analyze a new subset
of bands, the one that contains the three lowest bands.
In this case, the winding of the Wilson loop is destroyed
and takes the shape of an OAL (Fig. 8c). This is a clear
proof of the topological fragility associated to the Wilson
loop of the second and third bands.
FIG. 8: Wilson loop for: a) first band that possesses trivial
topological character, b) set of the second and third band
which has two windings with opposite sign and c) set of the
three lowest bands that present the shape of an OAL, proving
the topological fragility of the former set.
Chern Insulator
We conclude this tutorial presenting the case of a
photonic crystal where both the electric permittivity
 → (r) and the magnetic permeability µ → µ(r) are
periodic functions and can in general be non-diagonal
tensors. This particular example corresponds to the case
of the gyromagnetic Chern insulator proposed by Wang
et al. [81].
The system consists of a 2D photonic crystal composed
of a square array of yttrium-iron-garnet (YIG) magneto-
optic cylinders in air with radius R=0.11a0 and  = 15
[see Fig. 9a)]. When an external magnetic field is applied
in z-direction, it induces a gyromagnetic anisotropy re-
sulting in the following permeability tensor inside each
of the rods:
µ =
 µ iκ 0−iκ µ 0
0 0 µ0
 , (31)
with µ = 14µ0 and κ = 12.4µ0. According to Ref. [81],
these values correspond to an applied magnetic field of
0.16 T. The corresponding equation that describes the
propagation of TM modes in the system reads:
∇×
[
1
µ(r)
∇× Ez(r)
]
=
(ω
c
)2
(r)Ez(r) . (32)
This equation is a generalized eigenvalue problem.
Assuming that Ez(r) = e
ik·rvk(r), the correct normal-
ization of the eigensolutions requires the use the follow-
ing scalar product in the calculation of the topological
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invariants:
〈vk(r)|vk′(r)〉 =
∑
i,j
[(i, j)vk(i, j)]
∗vk′(i, j)∆S (33)
Moreover, if the use of magnetic field solutions is pre-
ferred, then defining H(r) = eik·ruk(r), and the correct
normalization of the eigensolutions requires the use the
following scalar products
〈uk(r)|uk′(r)〉 =
∑
i,j
uk(i, j) · µ(i, j)uk′(i, j)∆S, (34)
where · denotes the scalar product in the two-dimensional
polarization space:
u · u′ = u∗xu′x + u∗yu′y. (35)
These ideas have been experimentally realized in the
same set-up but employing different gyromagnetic ma-
terials [22]. The experiments have shown the presence
of uni-directional edge states associated to the quantized
Chern numbers of the system between the second and
the third band. A similar experiment in the same set-
up has been also conducted as a function of the applied
magnetic field to show further topological features of the
system [82].
In Panels b) and c) of Fig. 9, we show the band struc-
ture for the trivial and the topological case, respectively.
The transition between the two cases is obtained by
switching on the external magnetic field. For the triv-
ial case, we observe degeneracy between the second and
the third band at M-point and between the third and
the fourth at Γ-point. The only gap in the system is
between the first and the second band. This gap is pre-
served when the magentic field is switched on, however
the Chern number associated with the first band is zero.
On the other hand, the magnetic field removes the degen-
eracies of the higher bands, resulting in the emergence of
topological properties. The Chern number associated to
the bands from the second to the fourth are different from
zero and have the values shown in the Panel c) of Fig. 9.
FIG. 9: a) Square array of YIG magneto-optic cylinders of
radius R = 0.11a0 in air. The two translational vectors are:
a1 = (1, 0)a0 and a2 = (0, 1)a0. TM band structure for the
trivial system without magnetic field b) and for the Chern
insulator with applied external magnetic field c).
We extract the topological information of the gyromag-
netic curvature for the first four bands using the meth-
ods described before. As we can see in Fig. 10a), the the
Berry phase of the first band is homogeneous and equal to
zero, thus corresponding to a trivial band, while for the
rest of the bands Figs. 10b)-d), the Berry phase presents
a spatial modulation with a finite average value. This
modulation of the phase indicates that as the eigenvector
is propagating in a closed path, there is a manifestation
of topological character for those bands due to the appli-
cation of the external magnetic field. It means that those
bands possess an associated Chern number different from
zero. These results are further confirmed by the analysis
FIG. 10: Berry phase distribution in the unit cell for each
band. a) The trivial character of the first band is evidenced by
a constant Berry phase equal to zero, while the higher bands
– the second b) and third c) – present a phase structure since
the Chern number is different from zero.
of the Wilson loops. We can observe that the first band
is trivial, Fig. 11a). The Wilson loop of the second band
winds with positive slope, meaning that the Chern num-
ber of this band is 1. For the third band we observe two
windings of the Wilson loop eigenvalue, in this case with
positive slope. Therefore the Chern number of this band
is −2. Please note that the slope of the Wilson loop de-
pends on the sign convention chosen in the exponential
in Eq. (14).
FIG. 11: Wilson loop for each band of the system. (a) Trivial
band, C = 0, (b) second band, C = 1 and (c) third band,
C = −2.
CONCLUSION & OUTLOOK
This paper is a tutorial for the characterization of the
topological properties of 2D photonic crystals. In partic-
ular, it explains how to compute the Berry phase and cur-
vature for photonic crystal structures over a discretized
reciprocal space. By integrating these quantities over
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the appropriate regions of the BZ, these methods facil-
itate the numerical calculation of topological invariants
such as the Chern and valley-Chern number in photonic
systems. Moreover, we provide a numerical method to
calculate Wilson loops in photonic crystals, a very use-
ful tool for determining the topological properties both
in systems preserving TRS and with broken TRS. Addi-
tionally, to help the reader to be familiar with the prac-
tical realization of topological photonic system, we have
shown examples of different phases: a system with valley
degree of freedom, OAL, fragile phase and a Chern insu-
lator. Explaining the main characteristics of each phase
and how to interpret the results obtain to classify each
topological phase.
The methods described here could be generalized in
several interesting directions: including losses and pump-
ing leads to the field on non-Hermitian materials, which
comprises interesting new physics, e.g., breaking of time-
reversal invariance and the appearance of exceptional
points and non-equilibrium steady states. This would en-
tail generalizing the program to include non-orthogonal
Bloch states [56, 83].
Photonic crystals made on non-linear materials — and
including squeezing terms at the quantum level — can
give rise to new topological phases distinct from those
obtained in condensed-matter [84, 85].
We have focused on solutions to Maxwell’s equation
that do not propagate in the z-direction — translation-
ally invariant. Allowing for kz 6= 0, topological proper-
ties of propagating solutions in arrays of optical waveg-
uides [86], can be studied.
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